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Announcements

• Friday – project proposals are due; you should all have teams and 
have begun making your reports; book TA office hours for 
help/feedback
• Friday: 2 presentations

• Class participation grade depends on your attending and asking questions

• Poll:
• Would you be more comfortable in a bigger classroom? 



Outline

• Unsupervised disease progression modeling
• Learning nonlinear state space models
• Discussion of PPMI model presented by Kristen Severson (Microsoft)

• Alternative strategies for disease progression modeling: 
• Supervised learning
• Learning from cross-sectional data



Patient data is often sequential

Disease registries track patient data over time 

Smartwatch and app sensors collect daily activity 
data



Disease progression – (1)

Time

Disease burden

Undiagnosed
condition

Standard practice

Predicted conditionUndiagnosed patient

Predicted risk of developing disease or predicting outcome

Prognosis:	Where	is	a	patient	in	their	disease	trajectory?	
When	will	the	disease	progress?	How	will	treatment	affect	

disease	progression?

Example: Multiple myeloma
� Rare blood cancer
� MMRF CoMMpass Study has 

~1000 patients



Disease Progression – (2)

Disease burden

Subtyping:		Can	we	re-define	the	disease	altogether?

Subtype	A:	Short-term	responder	

Subtype	B:	Non-responder

Time



Why do we need good unsupervised models 
of sequential data?

Dynamic Risk Prediction/Forecasting : Learn a representation of patient that is predictive of clinical 
outcomes in the future

Patient subtyping: Clustering patient trajectories to uncover subtypes corresponding to disease behaviors



Case study 1: Personalized I-O HMMs for disease 
progression modeling, Severson et al, MLHC 2020

K.A. Severson | IBM Research ML for PD 25

Personalized input output hidden Markov models
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. . .
<latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit>. . .

<latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit>

zi1
<latexit sha1_base64="YxTx6bpu7o5edkbjianTI7STRjw=">AAAB+HicbZBNS8NAEIYn9avWj0Y9egkWwVNJRNBj0YvHCrYV2hA22027dLMJuxOxDf0lXjwo4tWf4s1/47bNQVtfWHh4Z4aZfcNUcI2u+22V1tY3NrfK25Wd3b39qn1w2NZJpihr0UQk6iEkmgkuWQs5CvaQKkbiULBOOLqZ1TuPTGmeyHscp8yPyUDyiFOCxgrsag/ZE4ZRPpkGOfemgV1z6+5czip4BdSgUDOwv3r9hGYxk0gF0brruSn6OVHIqWDTSi/TLCV0RAasa1CSmGk/nx8+dU6N03eiRJkn0Zm7vydyEms9jkPTGRMc6uXazPyv1s0wuvJzLtMMmaSLRVEmHEycWQpOnytGUYwNEKq4udWhQ6IIRZNVxYTgLX95Fdrndc/w3UWtcV3EUYZjOIEz8OASGnALTWgBhQye4RXerIn1Yr1bH4vWklXMHMEfWZ8/ZbaTjQ==</latexit><latexit sha1_base64="YxTx6bpu7o5edkbjianTI7STRjw=">AAAB+HicbZBNS8NAEIYn9avWj0Y9egkWwVNJRNBj0YvHCrYV2hA22027dLMJuxOxDf0lXjwo4tWf4s1/47bNQVtfWHh4Z4aZfcNUcI2u+22V1tY3NrfK25Wd3b39qn1w2NZJpihr0UQk6iEkmgkuWQs5CvaQKkbiULBOOLqZ1TuPTGmeyHscp8yPyUDyiFOCxgrsag/ZE4ZRPpkGOfemgV1z6+5czip4BdSgUDOwv3r9hGYxk0gF0brruSn6OVHIqWDTSi/TLCV0RAasa1CSmGk/nx8+dU6N03eiRJkn0Zm7vydyEms9jkPTGRMc6uXazPyv1s0wuvJzLtMMmaSLRVEmHEycWQpOnytGUYwNEKq4udWhQ6IIRZNVxYTgLX95Fdrndc/w3UWtcV3EUYZjOIEz8OASGnALTWgBhQye4RXerIn1Yr1bH4vWklXMHMEfWZ8/ZbaTjQ==</latexit><latexit sha1_base64="YxTx6bpu7o5edkbjianTI7STRjw=">AAAB+HicbZBNS8NAEIYn9avWj0Y9egkWwVNJRNBj0YvHCrYV2hA22027dLMJuxOxDf0lXjwo4tWf4s1/47bNQVtfWHh4Z4aZfcNUcI2u+22V1tY3NrfK25Wd3b39qn1w2NZJpihr0UQk6iEkmgkuWQs5CvaQKkbiULBOOLqZ1TuPTGmeyHscp8yPyUDyiFOCxgrsag/ZE4ZRPpkGOfemgV1z6+5czip4BdSgUDOwv3r9hGYxk0gF0brruSn6OVHIqWDTSi/TLCV0RAasa1CSmGk/nx8+dU6N03eiRJkn0Zm7vydyEms9jkPTGRMc6uXazPyv1s0wuvJzLtMMmaSLRVEmHEycWQpOnytGUYwNEKq4udWhQ6IIRZNVxYTgLX95Fdrndc/w3UWtcV3EUYZjOIEz8OASGnALTWgBhQye4RXerIn1Yr1bH4vWklXMHMEfWZ8/ZbaTjQ==</latexit><latexit sha1_base64="YxTx6bpu7o5edkbjianTI7STRjw=">AAAB+HicbZBNS8NAEIYn9avWj0Y9egkWwVNJRNBj0YvHCrYV2hA22027dLMJuxOxDf0lXjwo4tWf4s1/47bNQVtfWHh4Z4aZfcNUcI2u+22V1tY3NrfK25Wd3b39qn1w2NZJpihr0UQk6iEkmgkuWQs5CvaQKkbiULBOOLqZ1TuPTGmeyHscp8yPyUDyiFOCxgrsag/ZE4ZRPpkGOfemgV1z6+5czip4BdSgUDOwv3r9hGYxk0gF0brruSn6OVHIqWDTSi/TLCV0RAasa1CSmGk/nx8+dU6N03eiRJkn0Zm7vydyEms9jkPTGRMc6uXazPyv1s0wuvJzLtMMmaSLRVEmHEycWQpOnytGUYwNEKq4udWhQ6IIRZNVxYTgLX95Fdrndc/w3UWtcV3EUYZjOIEz8OASGnALTWgBhQye4RXerIn1Yr1bH4vWklXMHMEfWZ8/ZbaTjQ==</latexit>

zi2
<latexit sha1_base64="qJRLKcwvdOa9jTOtxza3KL7MGW4=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokRdBl0Y3LCvYCbQiT6aQdOpmEmROxDXkSNy4UceujuPNtnLZZaOsPAx//OYdz5g8SwTU4zrdV2tjc2t4p71b29g8Oq/bRcUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLmd17uPTGkeyweYJsyLyEjykFMCxvLt6gDYEwRhNsv9jDdy3645dWchvA5uATVUqOXbX4NhTNOISaCCaN13nQS8jCjgVLC8Mkg1SwidkBHrG5QkYtrLFofn+Nw4QxzGyjwJeOH+nshIpPU0CkxnRGCsV2tz879aP4Xw2su4TFJgki4XhanAEON5CnjIFaMgpgYIVdzciumYKELBZFUxIbirX16HTqPuGr6/rDVvijjK6BSdoQvkoivURHeohdqIohQ9o1f0Zs2sF+vd+li2lqxi5gT9kfX5A2c7k44=</latexit><latexit sha1_base64="qJRLKcwvdOa9jTOtxza3KL7MGW4=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokRdBl0Y3LCvYCbQiT6aQdOpmEmROxDXkSNy4UceujuPNtnLZZaOsPAx//OYdz5g8SwTU4zrdV2tjc2t4p71b29g8Oq/bRcUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLmd17uPTGkeyweYJsyLyEjykFMCxvLt6gDYEwRhNsv9jDdy3645dWchvA5uATVUqOXbX4NhTNOISaCCaN13nQS8jCjgVLC8Mkg1SwidkBHrG5QkYtrLFofn+Nw4QxzGyjwJeOH+nshIpPU0CkxnRGCsV2tz879aP4Xw2su4TFJgki4XhanAEON5CnjIFaMgpgYIVdzciumYKELBZFUxIbirX16HTqPuGr6/rDVvijjK6BSdoQvkoivURHeohdqIohQ9o1f0Zs2sF+vd+li2lqxi5gT9kfX5A2c7k44=</latexit><latexit sha1_base64="qJRLKcwvdOa9jTOtxza3KL7MGW4=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokRdBl0Y3LCvYCbQiT6aQdOpmEmROxDXkSNy4UceujuPNtnLZZaOsPAx//OYdz5g8SwTU4zrdV2tjc2t4p71b29g8Oq/bRcUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLmd17uPTGkeyweYJsyLyEjykFMCxvLt6gDYEwRhNsv9jDdy3645dWchvA5uATVUqOXbX4NhTNOISaCCaN13nQS8jCjgVLC8Mkg1SwidkBHrG5QkYtrLFofn+Nw4QxzGyjwJeOH+nshIpPU0CkxnRGCsV2tz879aP4Xw2su4TFJgki4XhanAEON5CnjIFaMgpgYIVdzciumYKELBZFUxIbirX16HTqPuGr6/rDVvijjK6BSdoQvkoivURHeohdqIohQ9o1f0Zs2sF+vd+li2lqxi5gT9kfX5A2c7k44=</latexit><latexit sha1_base64="qJRLKcwvdOa9jTOtxza3KL7MGW4=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokRdBl0Y3LCvYCbQiT6aQdOpmEmROxDXkSNy4UceujuPNtnLZZaOsPAx//OYdz5g8SwTU4zrdV2tjc2t4p71b29g8Oq/bRcUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLmd17uPTGkeyweYJsyLyEjykFMCxvLt6gDYEwRhNsv9jDdy3645dWchvA5uATVUqOXbX4NhTNOISaCCaN13nQS8jCjgVLC8Mkg1SwidkBHrG5QkYtrLFofn+Nw4QxzGyjwJeOH+nshIpPU0CkxnRGCsV2tz879aP4Xw2su4TFJgki4XhanAEON5CnjIFaMgpgYIVdzciumYKELBZFUxIbirX16HTqPuGr6/rDVvijjK6BSdoQvkoivURHeohdqIohQ9o1f0Zs2sF+vd+li2lqxi5gT9kfX5A2c7k44=</latexit>

zit
<latexit sha1_base64="GqJpErJM3YqXs0HB7fyDxoUvP+8=">AAAB+HicbZBNS8NAEIY39avWj0Y9egkWwVNJRNBj0YvHCrYV2hA220m7dLMJuxOxDf0lXjwo4tWf4s1/47bNQVtfWHh4Z4aZfcNUcI2u+22V1tY3NrfK25Wd3b39qn1w2NZJphi0WCIS9RBSDYJLaCFHAQ+pAhqHAjrh6GZW7zyC0jyR9zhOwY/pQPKIM4rGCuxqD+EJwyifTIOc4zSwa27dnctZBa+AGinUDOyvXj9hWQwSmaBadz03RT+nCjkTMK30Mg0pZSM6gK5BSWPQfj4/fOqcGqfvRIkyT6Izd39P5DTWehyHpjOmONTLtZn5X62bYXTl51ymGYJki0VRJhxMnFkKTp8rYCjGBihT3NzqsCFVlKHJqmJC8Ja/vArt87pn+O6i1rgu4iiTY3JCzohHLkmD3JImaRFGMvJMXsmbNbFerHfrY9FasoqZI/JH1ucPy4WT0A==</latexit><latexit sha1_base64="GqJpErJM3YqXs0HB7fyDxoUvP+8=">AAAB+HicbZBNS8NAEIY39avWj0Y9egkWwVNJRNBj0YvHCrYV2hA220m7dLMJuxOxDf0lXjwo4tWf4s1/47bNQVtfWHh4Z4aZfcNUcI2u+22V1tY3NrfK25Wd3b39qn1w2NZJphi0WCIS9RBSDYJLaCFHAQ+pAhqHAjrh6GZW7zyC0jyR9zhOwY/pQPKIM4rGCuxqD+EJwyifTIOc4zSwa27dnctZBa+AGinUDOyvXj9hWQwSmaBadz03RT+nCjkTMK30Mg0pZSM6gK5BSWPQfj4/fOqcGqfvRIkyT6Izd39P5DTWehyHpjOmONTLtZn5X62bYXTl51ymGYJki0VRJhxMnFkKTp8rYCjGBihT3NzqsCFVlKHJqmJC8Ja/vArt87pn+O6i1rgu4iiTY3JCzohHLkmD3JImaRFGMvJMXsmbNbFerHfrY9FasoqZI/JH1ucPy4WT0A==</latexit><latexit sha1_base64="GqJpErJM3YqXs0HB7fyDxoUvP+8=">AAAB+HicbZBNS8NAEIY39avWj0Y9egkWwVNJRNBj0YvHCrYV2hA220m7dLMJuxOxDf0lXjwo4tWf4s1/47bNQVtfWHh4Z4aZfcNUcI2u+22V1tY3NrfK25Wd3b39qn1w2NZJphi0WCIS9RBSDYJLaCFHAQ+pAhqHAjrh6GZW7zyC0jyR9zhOwY/pQPKIM4rGCuxqD+EJwyifTIOc4zSwa27dnctZBa+AGinUDOyvXj9hWQwSmaBadz03RT+nCjkTMK30Mg0pZSM6gK5BSWPQfj4/fOqcGqfvRIkyT6Izd39P5DTWehyHpjOmONTLtZn5X62bYXTl51ymGYJki0VRJhxMnFkKTp8rYCjGBihT3NzqsCFVlKHJqmJC8Ja/vArt87pn+O6i1rgu4iiTY3JCzohHLkmD3JImaRFGMvJMXsmbNbFerHfrY9FasoqZI/JH1ucPy4WT0A==</latexit><latexit sha1_base64="GqJpErJM3YqXs0HB7fyDxoUvP+8=">AAAB+HicbZBNS8NAEIY39avWj0Y9egkWwVNJRNBj0YvHCrYV2hA220m7dLMJuxOxDf0lXjwo4tWf4s1/47bNQVtfWHh4Z4aZfcNUcI2u+22V1tY3NrfK25Wd3b39qn1w2NZJphi0WCIS9RBSDYJLaCFHAQ+pAhqHAjrh6GZW7zyC0jyR9zhOwY/pQPKIM4rGCuxqD+EJwyifTIOc4zSwa27dnctZBa+AGinUDOyvXj9hWQwSmaBadz03RT+nCjkTMK30Mg0pZSM6gK5BSWPQfj4/fOqcGqfvRIkyT6Izd39P5DTWehyHpjOmONTLtZn5X62bYXTl51ymGYJki0VRJhxMnFkKTp8rYCjGBihT3NzqsCFVlKHJqmJC8Ja/vArt87pn+O6i1rgu4iiTY3JCzohHLkmD3JImaRFGMvJMXsmbNbFerHfrY9FasoqZI/JH1ucPy4WT0A==</latexit>

ziT
<latexit sha1_base64="V76Pab7yRPCsyn+Kfyc4sQkUNoc=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlhd6gDWEynbRDJ5MwcyK2IU/ixoUibn0Ud76N0zYLbf1h4OM/53DO/EEiuAbH+bZKG5tb2zvl3cre/sFh1T467ug4VZS1aSxi1QuIZoJL1gYOgvUSxUgUCNYNJnfzeveRKc1j2YJpwryIjCQPOSVgLN+uDoA9QRBms9zPeCv37ZpTdxbC6+AWUEOFmr79NRjGNI2YBCqI1n3XScDLiAJOBcsrg1SzhNAJGbG+QUkipr1scXiOz40zxGGszJOAF+7viYxEWk+jwHRGBMZ6tTY3/6v1UwhvvIzLJAUm6XJRmAoMMZ6ngIdcMQpiaoBQxc2tmI6JIhRMVhUTgrv65XXoXNZdww9XtcZtEUcZnaIzdIFcdI0a6B41URtRlKJn9IrerJn1Yr1bH8vWklXMnKA/sj5/AJrlk7A=</latexit><latexit sha1_base64="V76Pab7yRPCsyn+Kfyc4sQkUNoc=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlhd6gDWEynbRDJ5MwcyK2IU/ixoUibn0Ud76N0zYLbf1h4OM/53DO/EEiuAbH+bZKG5tb2zvl3cre/sFh1T467ug4VZS1aSxi1QuIZoJL1gYOgvUSxUgUCNYNJnfzeveRKc1j2YJpwryIjCQPOSVgLN+uDoA9QRBms9zPeCv37ZpTdxbC6+AWUEOFmr79NRjGNI2YBCqI1n3XScDLiAJOBcsrg1SzhNAJGbG+QUkipr1scXiOz40zxGGszJOAF+7viYxEWk+jwHRGBMZ6tTY3/6v1UwhvvIzLJAUm6XJRmAoMMZ6ngIdcMQpiaoBQxc2tmI6JIhRMVhUTgrv65XXoXNZdww9XtcZtEUcZnaIzdIFcdI0a6B41URtRlKJn9IrerJn1Yr1bH8vWklXMnKA/sj5/AJrlk7A=</latexit><latexit sha1_base64="V76Pab7yRPCsyn+Kfyc4sQkUNoc=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlhd6gDWEynbRDJ5MwcyK2IU/ixoUibn0Ud76N0zYLbf1h4OM/53DO/EEiuAbH+bZKG5tb2zvl3cre/sFh1T467ug4VZS1aSxi1QuIZoJL1gYOgvUSxUgUCNYNJnfzeveRKc1j2YJpwryIjCQPOSVgLN+uDoA9QRBms9zPeCv37ZpTdxbC6+AWUEOFmr79NRjGNI2YBCqI1n3XScDLiAJOBcsrg1SzhNAJGbG+QUkipr1scXiOz40zxGGszJOAF+7viYxEWk+jwHRGBMZ6tTY3/6v1UwhvvIzLJAUm6XJRmAoMMZ6ngIdcMQpiaoBQxc2tmI6JIhRMVhUTgrv65XXoXNZdww9XtcZtEUcZnaIzdIFcdI0a6B41URtRlKJn9IrerJn1Yr1bH8vWklXMnKA/sj5/AJrlk7A=</latexit><latexit sha1_base64="V76Pab7yRPCsyn+Kfyc4sQkUNoc=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlhd6gDWEynbRDJ5MwcyK2IU/ixoUibn0Ud76N0zYLbf1h4OM/53DO/EEiuAbH+bZKG5tb2zvl3cre/sFh1T467ug4VZS1aSxi1QuIZoJL1gYOgvUSxUgUCNYNJnfzeveRKc1j2YJpwryIjCQPOSVgLN+uDoA9QRBms9zPeCv37ZpTdxbC6+AWUEOFmr79NRjGNI2YBCqI1n3XScDLiAJOBcsrg1SzhNAJGbG+QUkipr1scXiOz40zxGGszJOAF+7viYxEWk+jwHRGBMZ6tTY3/6v1UwhvvIzLJAUm6XJRmAoMMZ6ngIdcMQpiaoBQxc2tmI6JIhRMVhUTgrv65XXoXNZdww9XtcZtEUcZnaIzdIFcdI0a6B41URtRlKJn9IrerJn1Yr1bH8vWklXMnKA/sj5/AJrlk7A=</latexit>

. . .
<latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit>. . .

<latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit>

di1
<latexit sha1_base64="/V4Bc9vMYVGD6lULGlHwdQ2aom0=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlBXuBNoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NVJpijr0EQkqh8QzQSXrAMcBOunipE4EKwXTG5m9d4DU5on8h6mKfNiMpI84pSAsXy7PgT2CEGUh4Wfc7fw7YbTdObCq+CW0ECl2r79NQwTmsVMAhVE64HrpODlRAGnghW1YaZZSuiEjNjAoCQx014+P7zAp8YJcZQo8yTguft7Iiex1tM4MJ0xgbFers3M/2qDDKIrL+cyzYBJulgUZQJDgmcp4JArRkFMDRCquLkV0zFRhILJqmZCcJe/vArd86Zr+O6i0bou46iiY3SCzpCLLlEL3aI26iCKMvSMXtGb9WS9WO/Wx6K1YpUzR+iPrM8fQ9qTdw==</latexit><latexit sha1_base64="/V4Bc9vMYVGD6lULGlHwdQ2aom0=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlBXuBNoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NVJpijr0EQkqh8QzQSXrAMcBOunipE4EKwXTG5m9d4DU5on8h6mKfNiMpI84pSAsXy7PgT2CEGUh4Wfc7fw7YbTdObCq+CW0ECl2r79NQwTmsVMAhVE64HrpODlRAGnghW1YaZZSuiEjNjAoCQx014+P7zAp8YJcZQo8yTguft7Iiex1tM4MJ0xgbFers3M/2qDDKIrL+cyzYBJulgUZQJDgmcp4JArRkFMDRCquLkV0zFRhILJqmZCcJe/vArd86Zr+O6i0bou46iiY3SCzpCLLlEL3aI26iCKMvSMXtGb9WS9WO/Wx6K1YpUzR+iPrM8fQ9qTdw==</latexit><latexit sha1_base64="/V4Bc9vMYVGD6lULGlHwdQ2aom0=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlBXuBNoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NVJpijr0EQkqh8QzQSXrAMcBOunipE4EKwXTG5m9d4DU5on8h6mKfNiMpI84pSAsXy7PgT2CEGUh4Wfc7fw7YbTdObCq+CW0ECl2r79NQwTmsVMAhVE64HrpODlRAGnghW1YaZZSuiEjNjAoCQx014+P7zAp8YJcZQo8yTguft7Iiex1tM4MJ0xgbFers3M/2qDDKIrL+cyzYBJulgUZQJDgmcp4JArRkFMDRCquLkV0zFRhILJqmZCcJe/vArd86Zr+O6i0bou46iiY3SCzpCLLlEL3aI26iCKMvSMXtGb9WS9WO/Wx6K1YpUzR+iPrM8fQ9qTdw==</latexit><latexit sha1_base64="/V4Bc9vMYVGD6lULGlHwdQ2aom0=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlBXuBNoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NVJpijr0EQkqh8QzQSXrAMcBOunipE4EKwXTG5m9d4DU5on8h6mKfNiMpI84pSAsXy7PgT2CEGUh4Wfc7fw7YbTdObCq+CW0ECl2r79NQwTmsVMAhVE64HrpODlRAGnghW1YaZZSuiEjNjAoCQx014+P7zAp8YJcZQo8yTguft7Iiex1tM4MJ0xgbFers3M/2qDDKIrL+cyzYBJulgUZQJDgmcp4JArRkFMDRCquLkV0zFRhILJqmZCcJe/vArd86Zr+O6i0bou46iiY3SCzpCLLlEL3aI26iCKMvSMXtGb9WS9WO/Wx6K1YpUzR+iPrM8fQ9qTdw==</latexit>

di2
<latexit sha1_base64="/yKVlOhCzqhgJBtE4CFYS9jsyoE=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJWkCLosunFZwV6gDWEymbRDJ5MwcyLWkCdx40IRtz6KO9/GaZuFtv4w8PGfczhn/iAVXIPjfFtr6xubW9uVneru3v5BzT486uokU5R1aCIS1Q+IZoJL1gEOgvVTxUgcCNYLJjezeu+BKc0TeQ/TlHkxGUkecUrAWL5dGwJ7hCDKw8LPebPw7brTcObCq+CWUEel2r79NQwTmsVMAhVE64HrpODlRAGnghXVYaZZSuiEjNjAoCQx014+P7zAZ8YJcZQo8yTguft7Iiex1tM4MJ0xgbFers3M/2qDDKIrL+cyzYBJulgUZQJDgmcp4JArRkFMDRCquLkV0zFRhILJqmpCcJe/vArdZsM1fHdRb12XcVTQCTpF58hFl6iFblEbdRBFGXpGr+jNerJerHfrY9G6ZpUzx+iPrM8fRV+TeA==</latexit><latexit sha1_base64="/yKVlOhCzqhgJBtE4CFYS9jsyoE=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJWkCLosunFZwV6gDWEymbRDJ5MwcyLWkCdx40IRtz6KO9/GaZuFtv4w8PGfczhn/iAVXIPjfFtr6xubW9uVneru3v5BzT486uokU5R1aCIS1Q+IZoJL1gEOgvVTxUgcCNYLJjezeu+BKc0TeQ/TlHkxGUkecUrAWL5dGwJ7hCDKw8LPebPw7brTcObCq+CWUEel2r79NQwTmsVMAhVE64HrpODlRAGnghXVYaZZSuiEjNjAoCQx014+P7zAZ8YJcZQo8yTguft7Iiex1tM4MJ0xgbFers3M/2qDDKIrL+cyzYBJulgUZQJDgmcp4JArRkFMDRCquLkV0zFRhILJqmpCcJe/vArdZsM1fHdRb12XcVTQCTpF58hFl6iFblEbdRBFGXpGr+jNerJerHfrY9G6ZpUzx+iPrM8fRV+TeA==</latexit><latexit sha1_base64="/yKVlOhCzqhgJBtE4CFYS9jsyoE=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJWkCLosunFZwV6gDWEymbRDJ5MwcyLWkCdx40IRtz6KO9/GaZuFtv4w8PGfczhn/iAVXIPjfFtr6xubW9uVneru3v5BzT486uokU5R1aCIS1Q+IZoJL1gEOgvVTxUgcCNYLJjezeu+BKc0TeQ/TlHkxGUkecUrAWL5dGwJ7hCDKw8LPebPw7brTcObCq+CWUEel2r79NQwTmsVMAhVE64HrpODlRAGnghXVYaZZSuiEjNjAoCQx014+P7zAZ8YJcZQo8yTguft7Iiex1tM4MJ0xgbFers3M/2qDDKIrL+cyzYBJulgUZQJDgmcp4JArRkFMDRCquLkV0zFRhILJqmpCcJe/vArdZsM1fHdRb12XcVTQCTpF58hFl6iFblEbdRBFGXpGr+jNerJerHfrY9G6ZpUzx+iPrM8fRV+TeA==</latexit><latexit sha1_base64="/yKVlOhCzqhgJBtE4CFYS9jsyoE=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJWkCLosunFZwV6gDWEymbRDJ5MwcyLWkCdx40IRtz6KO9/GaZuFtv4w8PGfczhn/iAVXIPjfFtr6xubW9uVneru3v5BzT486uokU5R1aCIS1Q+IZoJL1gEOgvVTxUgcCNYLJjezeu+BKc0TeQ/TlHkxGUkecUrAWL5dGwJ7hCDKw8LPebPw7brTcObCq+CWUEel2r79NQwTmsVMAhVE64HrpODlRAGnghXVYaZZSuiEjNjAoCQx014+P7zAZ8YJcZQo8yTguft7Iiex1tM4MJ0xgbFers3M/2qDDKIrL+cyzYBJulgUZQJDgmcp4JArRkFMDRCquLkV0zFRhILJqmpCcJe/vArdZsM1fHdRb12XcVTQCTpF58hFl6iFblEbdRBFGXpGr+jNerJerHfrY9G6ZpUzx+iPrM8fRV+TeA==</latexit>

dit
<latexit sha1_base64="HFFuvkeKC7kCvvG3KZ78JmDM7IA=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlBXuBNoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NVJpijr0EQkqh8QzQSXrAMcBOunipE4EKwXTG5m9d4DU5on8h6mKfNiMpI84pSAsXy7PgT2CEGUh4Wfcyh8u+E0nbnwKrglNFCptm9/DcOEZjGTQAXReuA6KXg5UcCpYEVtmGmWEjohIzYwKEnMtJfPDy/wqXFCHCXKPAl47v6eyEms9TQOTGdMYKyXazPzv9ogg+jKy7lMM2CSLhZFmcCQ4FkKOOSKURBTA4Qqbm7FdEwUoWCyqpkQ3OUvr0L3vOkavrtotK7LOKroGJ2gM+SiS9RCt6iNOoiiDD2jV/RmPVkv1rv1sWitWOXMEfoj6/MHqamTug==</latexit><latexit sha1_base64="HFFuvkeKC7kCvvG3KZ78JmDM7IA=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlBXuBNoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NVJpijr0EQkqh8QzQSXrAMcBOunipE4EKwXTG5m9d4DU5on8h6mKfNiMpI84pSAsXy7PgT2CEGUh4Wfcyh8u+E0nbnwKrglNFCptm9/DcOEZjGTQAXReuA6KXg5UcCpYEVtmGmWEjohIzYwKEnMtJfPDy/wqXFCHCXKPAl47v6eyEms9TQOTGdMYKyXazPzv9ogg+jKy7lMM2CSLhZFmcCQ4FkKOOSKURBTA4Qqbm7FdEwUoWCyqpkQ3OUvr0L3vOkavrtotK7LOKroGJ2gM+SiS9RCt6iNOoiiDD2jV/RmPVkv1rv1sWitWOXMEfoj6/MHqamTug==</latexit><latexit sha1_base64="HFFuvkeKC7kCvvG3KZ78JmDM7IA=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlBXuBNoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NVJpijr0EQkqh8QzQSXrAMcBOunipE4EKwXTG5m9d4DU5on8h6mKfNiMpI84pSAsXy7PgT2CEGUh4Wfcyh8u+E0nbnwKrglNFCptm9/DcOEZjGTQAXReuA6KXg5UcCpYEVtmGmWEjohIzYwKEnMtJfPDy/wqXFCHCXKPAl47v6eyEms9TQOTGdMYKyXazPzv9ogg+jKy7lMM2CSLhZFmcCQ4FkKOOSKURBTA4Qqbm7FdEwUoWCyqpkQ3OUvr0L3vOkavrtotK7LOKroGJ2gM+SiS9RCt6iNOoiiDD2jV/RmPVkv1rv1sWitWOXMEfoj6/MHqamTug==</latexit><latexit sha1_base64="HFFuvkeKC7kCvvG3KZ78JmDM7IA=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlBXuBNoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NVJpijr0EQkqh8QzQSXrAMcBOunipE4EKwXTG5m9d4DU5on8h6mKfNiMpI84pSAsXy7PgT2CEGUh4Wfcyh8u+E0nbnwKrglNFCptm9/DcOEZjGTQAXReuA6KXg5UcCpYEVtmGmWEjohIzYwKEnMtJfPDy/wqXFCHCXKPAl47v6eyEms9TQOTGdMYKyXazPzv9ogg+jKy7lMM2CSLhZFmcCQ4FkKOOSKURBTA4Qqbm7FdEwUoWCyqpkQ3OUvr0L3vOkavrtotK7LOKroGJ2gM+SiS9RCt6iNOoiiDD2jV/RmPVkv1rv1sWitWOXMEfoj6/MHqamTug==</latexit>

diT
<latexit sha1_base64="ddHX+uRZRzKweORrhDeAFf1qY3w=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlhV6ENoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NNJpijr0kQk6j4gmgkuWRc4CHafKkbiQLB+MLmZ1fsPTGmeyA5MU+bFZCR5xCkBY/l2fQjsEYIoDws/553CtxtO05kLr4JbQgOVavv21zBMaBYzCVQQrQeuk4KXEwWcClbUhplmKaETMmIDg5LETHv5/PACnxonxFGizJOA5+7viZzEWk/jwHTGBMZ6uTYz/6sNMoiuvJzLNAMm6WJRlAkMCZ6lgEOuGAUxNUCo4uZWTMdEEQomq5oJwV3+8ir0zpuu4buLRuu6jKOKjtEJOkMuukQtdIvaqIsoytAzekVv1pP1Yr1bH4vWilXOHKE/sj5/AHkJk5o=</latexit><latexit sha1_base64="ddHX+uRZRzKweORrhDeAFf1qY3w=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlhV6ENoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NNJpijr0kQk6j4gmgkuWRc4CHafKkbiQLB+MLmZ1fsPTGmeyA5MU+bFZCR5xCkBY/l2fQjsEYIoDws/553CtxtO05kLr4JbQgOVavv21zBMaBYzCVQQrQeuk4KXEwWcClbUhplmKaETMmIDg5LETHv5/PACnxonxFGizJOA5+7viZzEWk/jwHTGBMZ6uTYz/6sNMoiuvJzLNAMm6WJRlAkMCZ6lgEOuGAUxNUCo4uZWTMdEEQomq5oJwV3+8ir0zpuu4buLRuu6jKOKjtEJOkMuukQtdIvaqIsoytAzekVv1pP1Yr1bH4vWilXOHKE/sj5/AHkJk5o=</latexit><latexit sha1_base64="ddHX+uRZRzKweORrhDeAFf1qY3w=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlhV6ENoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NNJpijr0kQk6j4gmgkuWRc4CHafKkbiQLB+MLmZ1fsPTGmeyA5MU+bFZCR5xCkBY/l2fQjsEYIoDws/553CtxtO05kLr4JbQgOVavv21zBMaBYzCVQQrQeuk4KXEwWcClbUhplmKaETMmIDg5LETHv5/PACnxonxFGizJOA5+7viZzEWk/jwHTGBMZ6uTYz/6sNMoiuvJzLNAMm6WJRlAkMCZ6lgEOuGAUxNUCo4uZWTMdEEQomq5oJwV3+8ir0zpuu4buLRuu6jKOKjtEJOkMuukQtdIvaqIsoytAzekVv1pP1Yr1bH4vWilXOHKE/sj5/AHkJk5o=</latexit><latexit sha1_base64="ddHX+uRZRzKweORrhDeAFf1qY3w=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy6MZlhV6ENoTJZNIOnUzCzIlYQ57EjQtF3Poo7nwbp20W2vrDwMd/zuGc+YNUcA2O821V1tY3Nreq27Wd3b39un1w2NNJpijr0kQk6j4gmgkuWRc4CHafKkbiQLB+MLmZ1fsPTGmeyA5MU+bFZCR5xCkBY/l2fQjsEYIoDws/553CtxtO05kLr4JbQgOVavv21zBMaBYzCVQQrQeuk4KXEwWcClbUhplmKaETMmIDg5LETHv5/PACnxonxFGizJOA5+7viZzEWk/jwHTGBMZ6uTYz/6sNMoiuvJzLNAMm6WJRlAkMCZ6lgEOuGAUxNUCo4uZWTMdEEQomq5oJwV3+8ir0zpuu4buLRuu6jKOKjtEJOkMuukQtdIvaqIsoytAzekVv1pP1Yr1bH4vWilXOHKE/sj5/AHkJk5o=</latexit>

mi
<latexit sha1_base64="Kgno2i1Xl4XJUPuhbD7ErSnTz7o=">AAAB9XicbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY9OKxgv2AtpbNdtIu3WzC7kQtIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzrx9LYdB1v53Cyura+kZxs7S1vbO7V94/aJoo0RwaPJKRbvvMgBQKGihQQjvWwEJfQssfX0/rrQfQRkTqDicx9EI2VCIQnKG17rsIT+gHaZj1U5H1yxW36s5El8HLoUJy1fvlr+4g4kkICrlkxnQ8N8ZeyjQKLiErdRMDMeNjNoSORcVCML10dnVGT6wzoEGk7VNIZ+7viZSFxkxC33aGDEdmsTY1/6t1Egwue6lQcYKg+HxRkEiKEZ1GQAdCA0c5scC4FvZWykdMM442qJINwVv88jI0z6qe5dvzSu0qj6NIjsgxOSUeuSA1ckPqpEE40eSZvJI359F5cd6dj3lrwclnDskfOZ8/ZOyTFA==</latexit><latexit sha1_base64="Kgno2i1Xl4XJUPuhbD7ErSnTz7o=">AAAB9XicbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY9OKxgv2AtpbNdtIu3WzC7kQtIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzrx9LYdB1v53Cyura+kZxs7S1vbO7V94/aJoo0RwaPJKRbvvMgBQKGihQQjvWwEJfQssfX0/rrQfQRkTqDicx9EI2VCIQnKG17rsIT+gHaZj1U5H1yxW36s5El8HLoUJy1fvlr+4g4kkICrlkxnQ8N8ZeyjQKLiErdRMDMeNjNoSORcVCML10dnVGT6wzoEGk7VNIZ+7viZSFxkxC33aGDEdmsTY1/6t1Egwue6lQcYKg+HxRkEiKEZ1GQAdCA0c5scC4FvZWykdMM442qJINwVv88jI0z6qe5dvzSu0qj6NIjsgxOSUeuSA1ckPqpEE40eSZvJI359F5cd6dj3lrwclnDskfOZ8/ZOyTFA==</latexit><latexit sha1_base64="Kgno2i1Xl4XJUPuhbD7ErSnTz7o=">AAAB9XicbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY9OKxgv2AtpbNdtIu3WzC7kQtIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzrx9LYdB1v53Cyura+kZxs7S1vbO7V94/aJoo0RwaPJKRbvvMgBQKGihQQjvWwEJfQssfX0/rrQfQRkTqDicx9EI2VCIQnKG17rsIT+gHaZj1U5H1yxW36s5El8HLoUJy1fvlr+4g4kkICrlkxnQ8N8ZeyjQKLiErdRMDMeNjNoSORcVCML10dnVGT6wzoEGk7VNIZ+7viZSFxkxC33aGDEdmsTY1/6t1Egwue6lQcYKg+HxRkEiKEZ1GQAdCA0c5scC4FvZWykdMM442qJINwVv88jI0z6qe5dvzSu0qj6NIjsgxOSUeuSA1ckPqpEE40eSZvJI359F5cd6dj3lrwclnDskfOZ8/ZOyTFA==</latexit><latexit sha1_base64="Kgno2i1Xl4XJUPuhbD7ErSnTz7o=">AAAB9XicbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY9OKxgv2AtpbNdtIu3WzC7kQtIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzrx9LYdB1v53Cyura+kZxs7S1vbO7V94/aJoo0RwaPJKRbvvMgBQKGihQQjvWwEJfQssfX0/rrQfQRkTqDicx9EI2VCIQnKG17rsIT+gHaZj1U5H1yxW36s5El8HLoUJy1fvlr+4g4kkICrlkxnQ8N8ZeyjQKLiErdRMDMeNjNoSORcVCML10dnVGT6wzoEGk7VNIZ+7viZSFxkxC33aGDEdmsTY1/6t1Egwue6lQcYKg+HxRkEiKEZ1GQAdCA0c5scC4FvZWykdMM442qJINwVv88jI0z6qe5dvzSu0qj6NIjsgxOSUeuSA1ckPqpEE40eSZvJI359F5cd6dj3lrwclnDskfOZ8/ZOyTFA==</latexit>

ri
<latexit sha1_base64="edaPBB6byIZqzK79z3+l1SidV90=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKNfTvuhXa27dnYusgldADQo1+9Uvf5CwLOYKmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHsWFY25CfL5zVNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62XYXQd5EKlGXLFFouiTBJMyCwAMhCaM5QTC5RpYW8lbEQ1ZWhjqtgQvOUvr0L7ou5Zvr+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8kfP5A5/ikg0=</latexit><latexit sha1_base64="edaPBB6byIZqzK79z3+l1SidV90=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKNfTvuhXa27dnYusgldADQo1+9Uvf5CwLOYKmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHsWFY25CfL5zVNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62XYXQd5EKlGXLFFouiTBJMyCwAMhCaM5QTC5RpYW8lbEQ1ZWhjqtgQvOUvr0L7ou5Zvr+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8kfP5A5/ikg0=</latexit><latexit sha1_base64="edaPBB6byIZqzK79z3+l1SidV90=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKNfTvuhXa27dnYusgldADQo1+9Uvf5CwLOYKmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHsWFY25CfL5zVNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62XYXQd5EKlGXLFFouiTBJMyCwAMhCaM5QTC5RpYW8lbEQ1ZWhjqtgQvOUvr0L7ou5Zvr+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8kfP5A5/ikg0=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="viijUOP4qADov6H/6vO6qj7XUxc=">AAAB6HicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gU0omvdOGZjJDckcsQ/+GGxeK+Ivc+W9MHwttPRD4OCfh3pwoU9KS7397pa3tnd298n7loHp4dFw7qbZtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe7meecJjZWpfqRphv2Ej7SMpeDkrDAkfKYoLsxsIAe1ut/wF2KbEKygDis1B7WvcJiKPEFNQnFre4GfUb/ghqRQOKuEucWMiwkfYc+h5gnafrHYecYunDNkcWrc0cQW7u8XBU+snSaRu5lwGtv1bG7+l/Vyim/6hdRZTqjFclCcK0YpmxfAhtKgIDV1wIWRblcmxtxwQa6miishWP/yJrSvGoHjBx/KcAbncAkBXMMt3EMTWiAggxd4g3cv9169j2VdJW/V2yn8kff5A1V7kK8=</latexit><latexit sha1_base64="viijUOP4qADov6H/6vO6qj7XUxc=">AAAB6HicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gU0omvdOGZjJDckcsQ/+GGxeK+Ivc+W9MHwttPRD4OCfh3pwoU9KS7397pa3tnd298n7loHp4dFw7qbZtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe7meecJjZWpfqRphv2Ej7SMpeDkrDAkfKYoLsxsIAe1ut/wF2KbEKygDis1B7WvcJiKPEFNQnFre4GfUb/ghqRQOKuEucWMiwkfYc+h5gnafrHYecYunDNkcWrc0cQW7u8XBU+snSaRu5lwGtv1bG7+l/Vyim/6hdRZTqjFclCcK0YpmxfAhtKgIDV1wIWRblcmxtxwQa6miishWP/yJrSvGoHjBx/KcAbncAkBXMMt3EMTWiAggxd4g3cv9169j2VdJW/V2yn8kff5A1V7kK8=</latexit><latexit sha1_base64="WnIvXHXlsX8Sw+xLiUaBVZTMvVc=">AAAB83icbZBNT8JAEIan+IX4hXr00khMPJHWix6JXjxiImACDdkuU9iw3Ta7UyNp+BtePGiMV/+MN/+NC/Sg4Jts8uSdmczsG6ZSGPK8b6e0tr6xuVXeruzs7u0fVA+P2ibJNMcWT2SiH0JmUAqFLRIk8SHVyOJQYicc38zqnUfURiTqniYpBjEbKhEJzshavR7hE4VRrqd90a/WvLo3l7sKfgE1KNTsV796g4RnMSrikhnT9b2UgpxpElzitNLLDKaMj9kQuxYVi9EE+fzmqXtmnYEbJdo+Re7c/T2Rs9iYSRzazpjRyCzXZuZ/tW5G0VWQC5VmhIovFkWZdClxZwG4A6GRk5xYYFwLe6vLR0wzTjamig3BX/7yKrQv6r7lO6/WuC7iKMMJnMI5+HAJDbiFJrSAQwrP8ApvTua8OO/Ox6K15BQzx/BHzucPnqKSCQ==</latexit><latexit sha1_base64="edaPBB6byIZqzK79z3+l1SidV90=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKNfTvuhXa27dnYusgldADQo1+9Uvf5CwLOYKmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHsWFY25CfL5zVNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62XYXQd5EKlGXLFFouiTBJMyCwAMhCaM5QTC5RpYW8lbEQ1ZWhjqtgQvOUvr0L7ou5Zvr+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8kfP5A5/ikg0=</latexit><latexit sha1_base64="edaPBB6byIZqzK79z3+l1SidV90=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKNfTvuhXa27dnYusgldADQo1+9Uvf5CwLOYKmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHsWFY25CfL5zVNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62XYXQd5EKlGXLFFouiTBJMyCwAMhCaM5QTC5RpYW8lbEQ1ZWhjqtgQvOUvr0L7ou5Zvr+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8kfP5A5/ikg0=</latexit><latexit sha1_base64="edaPBB6byIZqzK79z3+l1SidV90=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKNfTvuhXa27dnYusgldADQo1+9Uvf5CwLOYKmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHsWFY25CfL5zVNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62XYXQd5EKlGXLFFouiTBJMyCwAMhCaM5QTC5RpYW8lbEQ1ZWhjqtgQvOUvr0L7ou5Zvr+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8kfP5A5/ikg0=</latexit><latexit sha1_base64="edaPBB6byIZqzK79z3+l1SidV90=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKNfTvuhXa27dnYusgldADQo1+9Uvf5CwLOYKmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHsWFY25CfL5zVNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62XYXQd5EKlGXLFFouiTBJMyCwAMhCaM5QTC5RpYW8lbEQ1ZWhjqtgQvOUvr0L7ou5Zvr+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8kfP5A5/ikg0=</latexit><latexit sha1_base64="edaPBB6byIZqzK79z3+l1SidV90=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKNfTvuhXa27dnYusgldADQo1+9Uvf5CwLOYKmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHsWFY25CfL5zVNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62XYXQd5EKlGXLFFouiTBJMyCwAMhCaM5QTC5RpYW8lbEQ1ZWhjqtgQvOUvr0L7ou5Zvr+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8kfP5A5/ikg0=</latexit><latexit sha1_base64="edaPBB6byIZqzK79z3+l1SidV90=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKNfTvuhXa27dnYusgldADQo1+9Uvf5CwLOYKmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHsWFY25CfL5zVNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62XYXQd5EKlGXLFFouiTBJMyCwAMhCaM5QTC5RpYW8lbEQ1ZWhjqtgQvOUvr0L7ou5Zvr+sNW6KOMpwAqdwDh5cQQPuoAktYJDCM7zCm5M5L86787FoLTnFzDH8kfP5A5/ikg0=</latexit>

Severson et al. Personalized input-output hidden Markov models for disease progression modeling. Machine Learning for Healthcare. 2020.
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Model parameters – State means

How can we interpret the states?

Severson et al. Discovery of Parkinson’s disease states using machine learning and longitudinal data. Lancet Digital Health. 2021.



Unsupervised disease progression in a 
nutshell

• Gather and collect all the time-varying data about patients
• Train a model to do unsupervised learning
• Using the model: 

• Introspect and attempt to interpret the model parameters
• Use the model to forecast data into the future



State Space Models

z1

<latexit sha1_base64="f4JAkaJV4cmKQlTHc1bgJFYupSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AERAo2p</latexit>

z2

<latexit sha1_base64="FqpP9uCOdABFOj14AIByasx7unA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Sho2q</latexit>

z3

<latexit sha1_base64="5/sih4utI9Qflouo3SvzdI1+aqg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/UueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMUCo2r</latexit>

z4

<latexit sha1_base64="F1DsU+8Gkp1TxgyzoREBaK76ias=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N0It/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMVjo2s</latexit>

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

x4

<latexit sha1_base64="K7O9coyOMbx5PDqXhB3Kh+odSaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMSgo2q</latexit>

Clinical
Observations

Treatments

u1

<latexit sha1_base64="FXfXo9ej6bXI1DIjZj3pFrH0zXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR14g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd3XKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAJZI2k</latexit>

u2

<latexit sha1_base64="0LAF+n1DgVbyAmVaEpZBnKj13Rg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR3UBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVa9erd/XK42bPI4inME5XIIHV9CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAK6I2l</latexit>

u3

<latexit sha1_base64="DkA/tGTvdSpUvFSn2G44At0EvP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEMbI2m</latexit>

Poor knowledge of data generating 
process for many kinds of clinical 

data: 
Use neural networks as a proxy for 

processes we do not know



Deep Markov Models

z1

<latexit sha1_base64="f4JAkaJV4cmKQlTHc1bgJFYupSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AERAo2p</latexit>

z2

<latexit sha1_base64="FqpP9uCOdABFOj14AIByasx7unA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Sho2q</latexit>

z3

<latexit sha1_base64="5/sih4utI9Qflouo3SvzdI1+aqg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/UueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMUCo2r</latexit>

z4

<latexit sha1_base64="F1DsU+8Gkp1TxgyzoREBaK76ias=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N0It/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMVjo2s</latexit>

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

x4

<latexit sha1_base64="K7O9coyOMbx5PDqXhB3Kh+odSaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMSgo2q</latexit>

Emission
function

Transition
function

p(x|z; ✓)

<latexit sha1_base64="DYf5T5YspHmM2boAY6+yeLVVDhk=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQLyWRgoKXohePFewHtKFstpt26WYTdyfFWvs7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuZldW19Y3sZm5re2d3L79/UNdRoiir0UhEqukTzQSXrIYcBWvGipHQF6zhD66nfmPIlOaRvMNRzLyQ9CQPOCVoJC8uPjw9Xraxz5CcdvIFp+TMYC8TNyUFSFHt5L/a3YgmIZNIBdG65ToxemOikFPBJrl2ollM6ID0WMtQSUKmvfHs6Il9YpSuHUTKlER7pv6eGJNQ61Hom86QYF8velPxP6+VYHDhjbmME2SSzhcFibAxsqcJ2F2uGEUxMoRQxc2tNu0TRSianHImBHfx5WVSPyu55VL5tlyoXKVxZOEIjqEILpxDBW6gCjWgcA/P8Apv1tB6sd6tj3lrxkpnDuEPrM8fab+R3w==</latexit>

p(zt|zt�1; ✓)

<latexit sha1_base64="VqUZINa5JSaccuLbzat26CKQ9Nk=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6sGSSEHBS9GLxwr2A9oQNtttu3SzCbsToY0F/4oXD4p49Xd489+4bXPQ6oOBx3szzMwLYsE1OM6XlVtaXlldy68XNja3tnfs3b2GjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWB4PfWb90xpHsk7GMXMC0lf8h6nBIzk2wdxaezDw9hP4dSdXHZgwICc+HbRKTsz4L/EzUgRZaj59menG9EkZBKoIFq3XScGLyUKOBVsUugkmsWEDkmftQ2VJGTaS2fnT/CxUbq4FylTEvBM/TmRklDrURiYzpDAQC96U/E/r51A78JLuYwTYJLOF/USgSHC0yxwlytGQYwMIVRxcyumA6IIBZNYwYTgLr78lzTOym6lXLmtFKtXWRx5dIiOUAm56BxV0Q2qoTqiKEVP6AW9Wo/Ws/Vmvc9bc1Y2s49+wfr4BsaFlV4=</latexit>

u1

<latexit sha1_base64="FXfXo9ej6bXI1DIjZj3pFrH0zXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR14g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd3XKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAJZI2k</latexit>

u2

<latexit sha1_base64="0LAF+n1DgVbyAmVaEpZBnKj13Rg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR3UBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVa9erd/XK42bPI4inME5XIIHV9CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAK6I2l</latexit>

u3

<latexit sha1_base64="DkA/tGTvdSpUvFSn2G44At0EvP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEMbI2m</latexit>

Structured Inference Networks for Nonlinear State Space Models, RGK, US, DS, AAAI 2017



Unsupervised learning of nonlinear 
state space models

• Previous work:
• Dual Extended Kalman Filters (Wan et a., 1996), 
• Particle filters (Schon et al., 2011), 
• Expectation Maximization (Briegel et al, 1999, Ghahramani et al, 1999), 
• Nonlinear dynamic factor analysis (Valpola, 2002)

• Goals:
• Difficult to scale to high dimensional data, did not leverage modern hardware
• Expensive test time inference



Technical challenge: 
Variational learning via maximum likelihood

The variational distribution is over multiple different variables. 

How should we design an inference network over multiple latent 
variables?

Loss function



Key Idea
Mimic the factorization of the true posterior

z2

<latexit sha1_base64="FqpP9uCOdABFOj14AIByasx7unA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Sho2q</latexit>

z3

<latexit sha1_base64="5/sih4utI9Qflouo3SvzdI1+aqg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/UueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMUCo2r</latexit>

z1

<latexit sha1_base64="f4JAkaJV4cmKQlTHc1bgJFYupSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AERAo2p</latexit>

p(~z|~x) = p(z1, z2, z3|x1, x2, x3) = p(z1|x1:3)p(z2|z1, x1:3)p(z3|z1, z2, x1:3)

<latexit sha1_base64="MyV1q6fROu/YJAj4YhRu7zgagtY="></latexit>

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

z2 ? x1|z1

<latexit sha1_base64="HQ6SvAOeVwffdIxI7EWyRi6x5Z0=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJJS0GPRi8cK9gPaEDbbSbt0swm7G2kb+1e8eFDEq3/Em//GbZuDtj4YeLw3w8y8IOFMacf5tjY2t7Z3dgt7xf2Dw6Nj+6TUUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHodu63H0EqFosHPUnAi8hAsJBRoo3k26WpX+0lIBM89l38hKe+69tlp+IsgNeJm5MyytHw7a9eP6ZpBEJTTpTquk6ivYxIzSiHWbGXKkgIHZEBdA0VJALlZYvbZ/jCKH0cxtKU0Hih/p7ISKTUJApMZ0T0UK16c/E/r5vq8NrLmEhSDYIuF4UpxzrG8yBwn0mgmk8MIVQycyumQyIJ1SauognBXX15nbSqFbdWqd3XyvWbPI4COkPn6BK56ArV0R1qoCaiaIye0St6s2bWi/VufSxbN6x85hT9gfX5A4Bdk3I=</latexit>

p(z2|z1, x1:3) = p(z2|z1, x2:3)

<latexit sha1_base64="JZGdo5vIfsRhWH10JGPCcm+WOvc=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARK0hJakERhKIblxXsBdoQJtNJO3QyCTMTsY19BDe+ihsXirh16c63cdJ2Yas/DPx85xzOnN+LGJXKsr6NzMLi0vJKdjW3tr6xuWVu79RlGAtMajhkoWh6SBJGOakpqhhpRoKgwGOk4fWv0nrjjghJQ36rBhFxAtTl1KcYKY1c8zAqDN3Sw9C1j+/dxD4/GR3BCzgDSyl0zbxVtMaCf409NXkwVdU1v9qdEMcB4QozJGXLtiLlJEgoihkZ5dqxJBHCfdQlLW05Coh0kvFBI3igSQf6odCPKzimvycSFEg5CDzdGSDVk/O1FP5Xa8XKP3MSyqNYEY4ni/yYQRXCNB3YoYJgxQbaICyo/ivEPSQQVjrDnA7Bnj/5r6mXina5WL4p5yuX0ziyYA/sgwKwwSmogGtQBTWAwSN4Bq/gzXgyXox342PSmjGmM7tgRsbnD8zFmow=</latexit>

z3 ? x1, x2, z1|z2

<latexit sha1_base64="lrqvYwDxPf28et4dSCA0+Hm3j/g=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkztaDLohuXFewD2mHIpGkbmsmEJCNtx4Ibf8WNC0Xc+hPu/BvTdhbaeuDC4Zx7ufeeQDCqtON8W5mV1bX1jexmbmt7Z3fP3j+oqyiWmNRwxCLZDJAijHJS01Qz0hSSoDBgpBEMrqd+455IRSN+p0eCeCHqcdqlGGkj+fbR2D9vCyIFHPpuYeiXCmPfhQ9w7Jd8O+8UnRngMnFTkgcpqr791e5EOA4J15ghpVquI7SXIKkpZmSSa8eKCIQHqEdahnIUEuUlsx8m8NQoHdiNpCmu4Uz9PZGgUKlRGJjOEOm+WvSm4n9eK9bdSy+hXMSacDxf1I0Z1BGcBgI7VBKs2cgQhCU1t0LcRxJhbWLLmRDcxZeXSb1UdMvF8m05X7lK48iCY3ACzoALLkAF3IAqqAEMHsEzeAVv1pP1Yr1bH/PWjJXOHII/sD5/AJCDli8=</latexit>

p(z3|z1, z2, x1:3) = p(z3|z2, x3)

<latexit sha1_base64="4zudOAL2j5rgT0pR9TiPinV8WP4=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsoZSkLSiCUHTjsoJ9QBvCZDpth04ezEzENvYT3Pgrblwo4talO//GSRtBWw9cOJxzL/fe4wSMCmkYX1pqaXlldS29ntnY3Nre0Xf3GsIPOSZ17DOftxwkCKMeqUsqGWkFnCDXYaTpDC9jv3lLuKC+dyNHAbFc1Pdoj2IklWTrx0FubJfvx7ZZGNulwp0dmWflSR6ewx8jFst5W88aRWMKuEjMhGRBgpqtf3a6Pg5d4knMkBBt0wikFSEuKWZkkumEggQID1GftBX1kEuEFU0fmsAjpXRhz+eqPAmn6u+JCLlCjFxHdbpIDsS8F4v/ee1Q9k6tiHpBKImHZ4t6IYPSh3E6sEs5wZKNFEGYU3UrxAPEEZYqw4wKwZx/eZE0SkWzUqxcV7LViySONDgAhyAHTHACquAK1EAdYPAAnsALeNUetWftTXuftaa0ZGYf/IH28Q2MgZpi</latexit>



Factorization of the variational distribution:

Factorization of the true posterior

p(~z|~x) = p(z1, z2, z3|x1, x2, x3) = p(z1|x1:3)p(z2|z1, x1:3)p(z3|z1, z2, x1:3)

<latexit sha1_base64="MyV1q6fROu/YJAj4YhRu7zgagtY="></latexit>

p(~z|~x) = p(z1|x1:3)p(z2|z1, x2:3)p(z3|z2, x3)

<latexit sha1_base64="jT8JboVJPIig2fOA1oJ8QXrwdjo="></latexit>

q(~z|~x) = q(z1|x1:3)q(z2|z1, x2:3)q(z3|z2, x3)

<latexit sha1_base64="5atbF82VKblK6JwjXvH4Ofkpxiw="></latexit>

According to the formula, at each time step we need:

a) previous latent state b) all future observations

To build a representation of all future observations, we’ll borrow a tool from Deep Learning
Recurrent Neural Networks



Recurrent Neural Networks
• Auto-regressive sequential models of data
• A forward-RNN models

• Each hidden state summarizes the variables in the past
p(x1, x2, x3) = p(x1|h1)p̂(h2|h1)p(x2|h2)p̂(h3|h2)p(x3|h3)

<latexit sha1_base64="Xh5JwUryFeAz5kXSOP4E+jybfuA="></latexit>

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5 nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

h1

<latexit sha1_base64="+Ms4+7gdJPDGk1Da5Op/x/6LZaI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzwBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5 nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql6tWruvVRo3eRxFOINzuAQP6tCAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gD1h42X</latexit>

h2
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Mini-Recap of Structured Inference Networks

Idea 1: Use the 
factorization of 

the true posterior

Idea 3: Give a 
practical model by 
combining insights 
with advances in 

deep learning

Idea 2: Use conditional 
independence statements 

in the model to simplify the 
factorization

Question: How to 
select among a large 

set of factorizations for 
the variational 

distribution



Evaluation of unsupervised time-series 
models

• Metrics:
• (Upper bounds on ) negative held-out log likelihood



Polyphonic Music Dataset (Boulanger-
Lewandowski et al., 2012)



Use the model the generate music!

Captures some short- and long-term patterns.



What can we do with 
Deep Markov Models?

Model the progression of 
disease

Forecast patient 
biomarkers

Generate new examples 
of complex data

Sequential treatment 
effects



Case Study 1: Disease progression of diabetic 
patients

Observations
• 48 binary observations at each time step
• A1c level (a protein for which a high level 

indicates that the patient is diabetic)
• Glucose (blood sugar)
• Demographics: Age, Gender 
• ICD-9 diagnosis codes for co-morbidities

Dataset: Clinical data from a major insurance 
claims provider 

Dataset size: 5000 diabetic patients. Each patient’s 
data (over 4 years) is grouped into three month
intervals, yielding a sequence of length 18.

Experiment: Vary the complexity of the transition 
and emission function in the Deep Markov Model



Modeling
diabetic patients
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Figure 6: (Left Two Plots) Estimating Counterfactuals with DMM:
The x-axis denotes the number of 3-month intervals after prescrip-
tion of Metformin. The y-axis denotes the proportion of patients
(out of a test set size of 800) who, after their first prescription of
Metformin, experienced a high level of A1C. In each tuple of bar
plots at every time step, the left aligned bar plots (green) represent
the population that received diabetes medication while the right
aligned bar plots (red) represent the population that did not receive
diabetes medication. (Rightmost Plot) Upper bound on negative-
log likelihood for different DMMs trained on the medical data. (T)
denotes “transition”, (E) denotes “emission”, (L) denotes “linear”
and (NL) denotes “non-linear”.

variable zt decomposes as log p(mt, ot|zt) = log p(mt|zt)+
log p(ot|zt) since the random variables are conditionally in-
dependent given their parent. If m is missing and marginal-
ized out while ot is observed, then our log-likelihood
is: log

R
m p(mt, ot|zt) = log(

R
m p(mt|zt)p(ot|zt)) =

log p(ot|zt) (since
R
m p(mt|zt) = 1) i.e we effectively

ignore the missing observations when estimating the log-
likelihood of the data.

The Effect of Anti-Diabetic Medications: Since our co-
hort comprises diabetic patients, we ask a counterfactual
question: what would have happened to a patient had anti-
diabetic drugs not been prescribed? Specifically we are in-
terested in the patient’s blood-sugar level as measured by
the widely-used A1C blood-test. We perform inference us-
ing held-out patient data leading up to the time k of first
prescription of Metformin. From the posterior mean, we per-
form ancestral sampling tracking two latent trajectories: (1)
the factual: where we sample new latent states conditioned
on the medication ut the patient had actually received and
(2) the counterfactual: where we sample conditioned on not
receiving any drugs for all remaining timesteps (i.e uk set
to the zero-vector). We reconstruct the patient observations
xk, . . . , xT , threshold the predicted values of A1C levels into
high and low and visualize the average number of high A1C
levels we observe among the synthetic patients in both sce-
narios. This is an example of performing do-calculus (Pearl
2009) in order to estimate model-based counterfactual effects.

The results are shown in Fig. 6. We see the model learns
that, on average, patients who were prescribed anti-diabetic
medication had more controlled levels of A1C than patients
who did not receive any medication. Despite being an ag-
gregate effect, this is interesting because it is a phenomenon
that coincides with our intuition but was confirmed by the
model in an entirely unsupervised manner. Note that in our
dataset, most diabetic patients are indeed prescribed anti-
diabetic medications, making the counterfactual prediction
harder. The ability of this model to answer such queries opens

up possibilities into building personalized neural models of
healthcare. Samples from the learned generative model and
implementation details may be found in the supplement.

7 Discussion

We introduce a general algorithm for scalable learning in a
rich family of latent variable models for time-series data. The
underlying methodological principle we propose is to build
the inference network to mimic the posterior distribution
(under the generative model). The space complexity of our
learning algorithm depends neither on the sequence length
T nor on the training set size N , offering massive savings
compared to classical variational inference methods.

Here we propose and evaluate building variational infer-
ence networks to mimic the structure of the true posterior
distribution. Other structured variational approximations are
also possible. For example, one could instead use an RNN
from the past, conditioned on a summary statistic of the fu-
ture, during learning and inference.

Since we use RNNs only in the inference network, it should
be possible to continue to increase their capacity and condi-
tion on different modalities that might be relevant to approxi-
mate posterior inference without worry of overfitting the data.
Furthermore, this confers us the ability to easily model in the
presence of missing data since the semantics of the DMM
render it easy to marginalize out unobserved data. In contrast,
in a (stochastic) RNN (bottom in Fig. 1) it is much more
difficult to marginalize out unobserved data due to the depen-
dence of the intermediate hidden states on the previous input.
Indeed this allowed us to develop a principled application of
the learning algorithm to modeling longitudinal patient data
in EHR data and inferring treatment effect.
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using a nonlinear 

functions, i.e. Deep 
Markov Model, to model 
the sequence of clinical 
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negative 
held-out log likelihood



Case Study 2: Treatment effect



Sequential Treatment 
Effect 
(A case study)
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<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

u1

<latexit sha1_base64="FXfXo9ej6bXI1DIjZj3pFrH0zXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR14g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4U zgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd3XKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAJZI2k</latexit>

u2

<latexit sha1_base64="0LAF+n1DgVbyAmVaEpZBnKj13Rg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR3UBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVa9erd/XK42bPI4inME5XIIHV9CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAK6I2l</latexit>

u3

<latexit sha1_base64="DkA/tGTvdSpUvFSn2G44At0EvP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEMbI2m</latexit>

u2

<latexit sha1_base64="0LAF+n1DgVbyAmVaEpZBnKj13Rg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR3UBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVa9erd/XK42bPI4inME5XIIHV9CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAK6I2l</latexit>

u3

<latexit sha1_base64="DkA/tGTvdSpUvFSn2G44At0EvP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEMbI2m</latexit>

z4

<latexit sha1_base64="F1DsU+8Gkp1TxgyzoREBaK76ias=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N0It/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMVjo2s</latexit>

z4

<latexit sha1_base64="F1DsU+8Gkp1TxgyzoREBaK76ias=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N0It/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMVjo2s</latexit>

x4

<latexit sha1_base64="K7O9coyOMbx5PDqXhB3Kh+odSaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMSgo2q</latexit>

x4

<latexit sha1_base64="K7O9coyOMbx5PDqXhB3Kh+odSaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMSgo2q</latexit>

With diabetic 
medication

Without diabetic 
medication



Proof of concept
Sequential treatment effect

Results
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Figure: Comparing glucose levels from simulating with the model
under the factual and the counterfactual

Deep Markov Models 
can be a powerful tool in 

estimators of 
sequential treatment 

effects



Case Study 3: Inductive Biases for Treatment 
effect

Source: https://blog.knoldus.com/machinex-starts-with-why-ft-convolutional-neural-network/amp/

Where can we draw 
inspiration from when 
building Deep Markov 

Models?

https://blog.knoldus.com/machinex-starts-with-why-ft-convolutional-neural-network/amp/


Inductive biases for treatment effect

z1

<latexit sha1_base64="f4JAkaJV4cmKQlTHc1bgJFYupSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AERAo2p</latexit>

z2

<latexit sha1_base64="FqpP9uCOdABFOj14AIByasx7unA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Sho2q</latexit>

z3

<latexit sha1_base64="5/sih4utI9Qflouo3SvzdI1+aqg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/UueqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMUCo2r</latexit>

z4

<latexit sha1_base64="F1DsU+8Gkp1TxgyzoREBaK76ias=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N0It/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMVjo2s</latexit>

x1

<latexit sha1_base64="3c+R7TUljyGse9TtnSD6PbvAzD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWrurVerXeRxFOIFTOAcPLqEOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEN9o2n</latexit>

x2

<latexit sha1_base64="o3wFLFaKyKBrwbQ6JfdiLDWtk1E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3T31a/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7VvXq1fptvdK4yuMowgmcwjl4cAENuIEmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Peo2o</latexit>

x3

<latexit sha1_base64="2usqR2oczGZrEREbzbs5WH3GM8c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/ql30SuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPK161Ur2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMQ/o2p</latexit>

x4

<latexit sha1_base64="K7O9coyOMbx5PDqXhB3Kh+odSaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoMeiF48V7Qe0oWy2k3bpZhN2N2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9Tze+WKW3XnIKvEy0kFctR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQvOWXV0nzour5Vf/Or9Su8ziKcAKncA4eXEINbqEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMSgo2q</latexit>

u1

<latexit sha1_base64="FXfXo9ej6bXI1DIjZj3pFrH0zXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR14g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd3XKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAJZI2k</latexit>

u2

<latexit sha1_base64="0LAF+n1DgVbyAmVaEpZBnKj13Rg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR3UBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NrPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVa9erd/XK42bPI4inME5XIIHV9CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAK6I2l</latexit>

u3

<latexit sha1_base64="DkA/tGTvdSpUvFSn2G44At0EvP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEMbI2m</latexit>
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Log cell kill model

Linear

Treatment exponential

Cancer log-kill revisited, Norton, 2014 A Bayesian nonparametric approach for estimating individualized treatment-
response curves, Xu et. al 2016 
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Inductive Biases for Unsupervised, Sequential Models of Cancer Progression

Line	1	
Line	2	
Line	3+	

Bortezomib	
Lenalidomide	

Serum	IgG	

Time	

Treatments	

Lab	results	

Baseline	
Statistics	

Figure 1: Illustration of the type of data our algorithms are designed to model; this example is for multiple myeloma, a blood cancer.
Baseline (static) data typically consists of genomics, demographics, and initial labs. Longitudinal data typically includes laboratory values
(e.g. serum IgG) and treatments. Baseline data is usually complete, but longitudinal measurements are frequently missing at various time
points. The data tells a rich story of a patient’s disease trajectory and the resulting treatment decisions. For example, a deviation of a lab
value from a healthy range (e.g. spike in serum IgG) might prompt a move to the next line of therapy. Data (in red) might be missing, and
in this case are forward filled.

like multiple myeloma, designed with inductive biases in-
spired from pharmacokinetic and pharmacodynamic models
of treatment effect for solid tumors and chronic diseases.

Our work suggests a way to use known models of treat-
ment response to construct new treatment effect functions
for a disease where we lack good mechanistic knowledge.
Although our work instantiates this idea in the context of
multiple myeloma, the implications of our work are broader
– it suggest ways to transfer knowledge from diseases that
we do understand to build models for diseases that we do
not.

2. Background
Cancer progression models aim to capture the effect of
chemotherapy in the progression of solid tumor growth.
We denote by V (t) and E(t) the tumor volume and drug
effect, respectively, over time. We describe three popular
choices for modeling treatment effect drawn from the rich
pharmacokinetic-pharmacodynamic (PK-PD) literature.

Linear A linear model is one of the simplest disease pro-
gression models that is used for accurately estimating tumor
dynamics (Klein, 2009):

V (t) = V (0) + (↵ + E(t)) · t,

where E(t) is a linear function of treatment dose. Linear
models have also been been used successfully to describe
progression in neurological disorders such as Alzheimer’s
disease (Doyle et al. , 2014), and Huntington’s disease
(Warner & Sampaio, 2016).

Log-Cell Kill The log-cell kill hypothesis (Norton, 2014)
states that a given dose of chemotherapy results in killing
a constant fraction of tumor cells rather than a constant
number of cells. The Log Cell Kill model can be described
by the following ordinary differential equation (ODE),

dV (t)

dt
= ��cC(t)V (t),

where C(t) is the concentration of a chemotherapeutic
drug over time. C(t) is specified as follows: C(t) =

Cmaxe
� log(2)

half-life t, where Cmax is the maximum concentra-
tion of the drug (i.e. the dose at which the drug was given),
half-life is the half-life of the drug, and �c is a parameter
that represents the drug effect on tumor size (Lim, 2018;
West & Newton, 2017).

Variants of the model also incorporate the kinetics of tumor
growth (Evain & Benzekry, 2016; Lim, 2018; Grassberger
& Paganetti, 2016) where the evolution of tumor volume, V ,
is described via an ODE:

dV (t)

dt
= ⇢ log

� K

V (t)

�
,

where, ⇢, the growth rate, and K, the tumor carrying ca-
pacity, determine the growth curve of the tumor. In Figure
2, we show an example of the dynamics of the log-cell kill
model combined with this form of Gompertzian growth.

An analytic expression for the tumor dynamics may be
derived as:

V (t) = V (t�1) · (1+⇢ log(K/V (t�1))��cC(t)), (1)

Treatment Exponential The third treatment effect model
we study is loosely inspired by disease progression models
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Inductive Biases for Unsupervised, Sequential Models of Cancer Progression

Figure 4: Visualizations of samples from learned SSM models: We visualize ancestral samples from SSMPK-PD and SSMlinear
conditioned on a patient’s baseline data. Each row represents a single patient, and each column are the samples for the immunoglobulin
for each patient. The blue circles denote ground truth and the markers above the trajectories represent medications given across time.

7. Discussion
Our work showcases how ideas from fields such as phar-
macokinetics and pharmacodynamics can be used to design
inductive biases for disease progression models. We show-
cased how the use of an ensembled PK-PD treatment effect
function can allow the data to decide what kind of treatment
effect model is relevant for a biomarker, which is particu-
larly useful when jointly modeling multiple biomarkers for
which we lack sound biological knowledge. The use of the
PK-PD function in both first order Markov models and State
Space Models led to improvements in held-out likelihood

across all folds. Visually, we find that the gains play out in a
model of disease progression that captures dynamics more
smoothly even when there are gaps in treatment information.
A limitation of the current work is that it is only evaluated
on a cohort of patients suffering from multiple myeloma. As
more clinical datasets of cancer become publicly available,
a fruitful direction of future work would be to study the
model on a diverse set of diseases.

PK/PD DMM Linear State Space Model

PK/PD DMM better at forecasting patient biomarkers

Ground truth



Supervised learning for disease progression

• Did not cover (but useful for further reading): 
• Supervised techniques for modeling the progression of diseases
• Modeling Disease Progression via Fused Sparse Group Lasso, Zhou et. Al, 

KDD 2012

• Key idea:
• Predict disease status in 6, 12, 24, 36 months with a single model (multi-task 

learning)
• Have different weights for different time-horizons
• The tasks are related so tie the weights together via a group-lasso penalty
• Look at weights to assess the features most predictive of disease state

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4191837/


Cross-sectional data

• Thus far we’ve discussed models built on disease cohorts (many 
patients, many time-points)
• Only 1 time-point per patient (but potentially many patients)
• Goal is to construct a time-line that is shared by all or groups of

patients

Biomarker	A

“John” “Mary”

Early	disease Late	disease

In	1-D,	might	assume	that	low	values	
correspond	to	an	early	disease	stage	
(or	vice-versa)

Assume	samples	were	all	taken	today

Slide credits: David Sontag



Insights to identify structure

Biomarker	A

Biomarker	B

What	about	in	higher	dimensions?

Insight	#1:	with	
enough	data,	may	
be	possible	to	
recognize	structure

[Bendall	et	al.,	Cell	2014	(human	B	cell	development)]

1

2

4

1

1
2

2
3

3

Biomarker	A

Biomarker	B

What	about	in	higher	dimensions?

Insight	#2:	sequential	
observations	from	
same	patient	can	
also	help

Each	color	is	
a	different	
patient



Goals with cross-sectional data

Biomarker	A

Biomarker	B

What	about	in	higher	dimensions?

Early	disease

Late	disease

Biomarker	A

Biomarker	B

May	also	seek	to	discover	disease	subtypes

Subtype	1
Subtype	2



Creating trees in time

MST-based	approach	(Monocle)

[Trapnell et	al.,	Nature	Biotechnology,	2014]
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population of cells branched from the trajectory near the transition 
between phases. These cells lacked myogenic markers but expressed 
PDGFRA and SPHK1, suggesting that they are contaminating intersti-
tial mesenchymal cells and did not arise from the myoblasts. Such cells 
were recently shown to stimulate muscle differentiation19. Monocle’s 
estimates of the frequency and proliferative status of these cells  
were consistent with estimates derived from immunofluorescent 
stains against ANPEP (also known as CD13) and nuclear Ser10- 
phosphorylated histone H3 (Supplementary Fig. 4). Monocle thus 
enabled analysis of the myoblast differentiation trajectory without 
subtracting these cells by immunopurification, maintaining in vitro 
differentiation kinetics that resemble physiological cell crosstalk 
occurring in the in vivo niche.

To find genes that were dynamically regulated as the cells pro-
gressed through differentiation, we modeled expression of each gene 
as a nonlinear function of pseudotime. A total of 1,061 genes were 

dynamically regulated during differentiation (false discovery rate 
(FDR) < 5%; Fig. 2c). Cells positive for MEF2C and MYH2, early and 
late markers of differentiation, respectively, were present at expected 
frequencies as assayed by both immunofluorescence and RNA-Seq. 
Moreover, the pseudotime ordering of cells shows an increase in 
MEF2C+ cells before the increase in MYH2+ cells (Fig. 2d). Notably, 
genes that act at the early and late stages of muscle differentiation 
showed pseudotemporal kinetics that were highly consistent with 
expectations, with cell-cycle regulators active early in pseudotime 
and sarcomere components active later, confirming the accuracy of 
the ordering (Supplementary Fig. 5).

We next examined the pseudotemporal kinetics of a set of genes 
whose mouse orthologs are targeted by Myod, Myog or Mef2 pro-
teins in C2C12 myoblasts20 (Supplementary Fig. 6). The kinetics of 
these genes during differentiation were highly consistent with changes 
observed during mouse myogenesis, with nearly all significantly 
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Figure 2 Monocle orders individual cells by progress through differentiation. (a) An overview of the Monocle algorithm. (b) Cell expression profiles 
(points) in a two-dimensional independent component space. Lines connecting points represent edges of the MST constructed by Monocle. Solid 
black line indicates the main diameter path of the MST and provides the backbone of Monocle’s pseudotime ordering of the cells. (c) Expression 
for differentially expressed genes identified by Monocle (rows), with cells (columns) shown in pseudotime order. Interstitial mesenchymal cells are 
excluded. (d) Bar plot showing the proportion of MEF2C- and MYH2-expressing cells measured by immunofluorescence at the time of collection (top), 
RNA-Seq at the time of collection (middle) or RNA-Seq at pseudotime (bottom). MEF2C was considered detectably expressed at or above 100 FPKM, 
MYH2 at 1 FPKM. MEF2C exhibits a bimodal pattern of expression across the cells (not shown), and a threshold of 100 FPKM separates the modes.  
(e) Expression of key regulators of muscle differentiation, ordered by time collected (cyclin-dependent kinase 1, CDK1; inhibitor of DNA binding 1,  
ID1; myogenin, MYOG). (f) Regulators from e, ordered by Monocle in pseudotime. Points in e,f are colored by time collected (0 h, red; 24 h, gold;  
48 h, light blue; 72 h, dark blue). Error bars, 2 s.d.

Reduce dimensionality of features via 
PCA/ICA

Build minimum spanning tree while 
treating lower dimensional representations 

as nodes

Use topological sort to identify time-axis



Subtype	and	Stage	Inference	(SuStaIn)	

[Young	et	al.,	Brain 2014;	Young	et	al.,	Nature	Communications	2018]

• Generative	model	for	a	data	point:

– Sample	subtype	c ~	Categorical(f1,	…,	fC)
– Sample	stage	t	~	Categorical(uniform)

– For	each	biomarker	i,	sample

• Means	are	enforced	to	be	monotonically	increasing	

and	piece-wise	linear:
information for covariate correction: age, sex, education and APOE genotype from
the ADNIMERGE table. We downloaded diagnostic follow-up information to test
the association of the SuStaIn model subtypes and stages with longitudinal
outcomes. We also downloaded baseline cerebrospinal fluid (CSF) measurements
of Aβ1–42, which we used to identify a control population. Again, see
Supplementary Table 4 for a summary of the biomarkers used in the SuStaIn
modelling.

z-scores. We expressed each regional volume measurement as a z-score relative to
a control population: in GENFI we used data from all non-carriers, in ADNI we
used amyloid-negative CN subjects, defined as those with a CSF Aβ1–42 mea-
surement >192 pg per ml41. This gave us a control population of 48 amyloid-
negative CN subjects for the 3T data set, and 56 amyloid-negative CN subjects for
the 1.5T data set. We used these control populations to determine whether the
effects of age, sex, education or number of APOE4 alleles (ADNI only) were sig-
nificant, and if so to regress them out. We then normalised each data set relative to
its control population, so that the control population had a mean of 0 and standard
deviation of 1. Because regional brain volumes decrease over time the z-scores
become negative with disease progression, so for simplicity we took the negative
value of the z-scores so that the z-scores would increase as the brain volumes
became more abnormal.

SuStaIn modelling. We formulate the model underlying SuStaIn as groups of
subjects with distinct patterns of biomarker evolution (see Mathematical Model).
We refer to a group of subjects with a particular biomarker progression pattern as a
subtype. The biomarker evolution of each subtype is described as a linear z-score
model in which each biomarker follows a piecewise linear trajectory over a com-
mon timeframe. The noise level for each biomarker is assumed constant over the
timeframe and is derived from a control population (see Mathematical model).
This linear z-score model is based on the event-based model in refs. 7,8,38, but
reformulates the events so that they represent the continuous linear accumulation
of a biomarker from one z-score to another, rather than an instantaneous switch
from a normal to an abnormal level. A key advantage of this formulation is that it
can work with purely cross-sectional data because it requires no information about
the timescale of change, but instead uses events as control points of piecewise linear
segments with arbitrary duration. The model fitting considers increasing number of
subtypes C, for which we estimate the proportion of subjects f that belong to each
subtype, and the order SC in which biomarkers reach each z-score for each subtype
c= 1 … C. We determine the optimal number of subtypes C for a particular data
set through ten-fold cross-validation (see Cross-validation).

Mathematical model. The linear z-score model underlying SuStaIn is a con-
tinuous generalisation of the original event-based model7,8, which we describe first.

The event-based model in refs. 7,8 describes disease progression as a series of
events, where each event corresponds to a biomarker transitioning from a normal
to an abnormal level. The occurrence of an event, Ei, for biomarker i= 1 … I, is
informed by the measurements xij of biomarker i in subject j, j= 1 … J. The whole
data set X= {xij | i= 1 … I, j= 1 … J} is the set of measurements of each
biomarker in each subject. The most likely ordering of the events is the sequence S
that maximises the data likelihood

P XjSð Þ ¼
YJ

j¼1

XI

k¼0

PðkÞ
Yk

i¼1

P xijjEi
! " YI

i¼kþ1

P xijj:Ei
! " !" #

; ð1Þ

where P(x | Ei) and P(x | ¬Ei) are the likelihoods of measurement x given that
biomarker i has or has not become abnormal, respectively. P(k) is the prior
likelihood of being at stage k, at which the events E1, ..., Ek have occurred, and the
events Ek+1, …, EI have yet to occur. The model uses a uniform prior on the stage,
so that P(k)= 1/(I + 1), k= 0 … I, i.e. a priori individuals are equally likely to
belong to any stage along the progression pattern. The likelihoods P(x | Ei) and P(x
| ¬Ei) are modelled as normal distributions.

The linear z-score model we use in this work reformulates the event-based
model in (1) by replacing the instantaneous normal to abnormal events with events
that represent the (more biologically plausible) linear accumulation of a biomarker
from one z-score to another. The linear z-score model consists of a set of N z-score
events Eiz, which correspond to the linear increase of biomarker i= 1 … I to a z-
score zir= zi1 … ziRi

, i.e. each biomarker is associated with its own set of z-scores,
and so N=

P
i
Ri . Each biomarker also has an associated maximum z-score, zmax,

which it accumulates to at the end of stage N. We consider a continuous time axis,
t, which we choose to go from t= 0 to t= 1 for simplicity (the scaling is arbitrary).
At each disease stage k, which goes from t= k

Nþ1 to t= kþ1
Nþ1, a z-score event Eiz

occurs. The biomarkers evolve as time t progresses according to a piecewise linear

function gi(t), where

g tð Þ ¼

z1
tEz1

t; 0<t % tEz1

z1 þ
z2&z1

tEz2
&tEz1

t & tEz1

! "
; tEz1 <t % tEz2

..

.

zR&1 þ
zR&zR&1

tEzR
&tEzR&1

t & tEzR&1

! "
; tEzR&1

<t % tEzR

zR þ
zmax&zR
1&tEzR

t & tEzR

! "
; tEzR <t % 1

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

:

Thus, the times tEiz are determined by the position of the z-score event Eiz in the
sequence S, so if event Eiz occurs in position k in the sequence then tEiz =

kþ1
Nþ1.

To formulate the model likelihood for the linear z-score model we replace Eq.
(1) with

P XjSð Þ ¼
YJ

j¼1

XN

k¼0

Z t¼ kþ1
Nþ1

t¼ k
Nþ1

PðtÞ
YI

i¼1

P xijjt
! " !

∂t

 !" #
; ð2Þ

where,

P xijjt
! "

¼ NormPDF xij; gi tð Þ; σ i
! "

:

NormPDF(x, μ, σ) is the normal probability distribution function, with mean μ and
standard deviation σ, evaluated at x. We assume the prior on the disease time is
uniform, as in the original event-based model.

The SuStaIn model is a mixture of linear z-score models, hence we have

P XjMð Þ ¼
XC

c¼1

fc P XjScð Þ;

where C is the number of clusters (subtypes), f is the proportion of subjects
assigned to a particular cluster (subtype), and M is the overall SuStaIn model.

Model fitting. Supplementary Figure 15 provides a flowchart detailing the pro-
cesses involved in the SuStaIn model fitting. Model fitting requires simultaneously
optimising subtype membership, subtype trajectory and the posterior distributions
of both. In particular, the cost function here depends on the sequence ordering,
which to our knowledge standard algorithms do not handle. We therefore derive
our own algorithm to fit SuStaIn, based on the well-established methods developed
for the event-based model (7,8,42,43), for which we demonstrate convergence and
optimality in simulation (see Supplementary Results: Convergence) and in the data
sets used here (see Convergence). As shown in the black box in Supplementary
Figure 15, the SuStaIn model is fitted hierarchically, with the number of clusters
being estimated via model selection criteria obtained from cross-validation. The
hierarchical fitting initialises the fitting of each C-cluster (subtype) model from the
previous C-1-cluster model, i.e. the clustering problem is solved sequentially from
C= 1 … Cmax (where Cmax is the maximum number of clusters being fitted),
initialising each model using the previous model. For the initial cluster (C= 1), we
use the single-cluster expectation maximisation (E-M) procedure shown in the
green box in Supplementary Figure 15, and described subsequently. We fit sub-
sequent cluster numbers (C > 1) hierarchically by generating C-1 candidate C-
cluster models using the split-cluster E-M procedure shown in the blue box in
Supplementary Figure 15, and described subsequently. From these C-1 candidate
C-cluster models, the model with the highest likelihood is chosen.

The split-cluster E-M procedure shown in the blue box in Supplementary
Figure 15 is used to generate each of the C-1 candidate C cluster models. For each
of the C-1 clusters, the split-cluster E-M procedure first finds the optimal split of
cluster c into two clusters. To find the optimal split of cluster c into two clusters, the
data points belonging to cluster c are randomly assigned to two separate clusters.
The optimal model parameters for these two data subsets are then obtained using
the single-cluster E-M procedure (green box in Supplementary Figure 15). These
cluster parameters are used to initialise the fitting of a two-cluster model to the
subset of the data belonging to cluster c, using E-M. This two-cluster solution is
then used together with the other C-2 clusters to initialise the fitting of the C-
cluster model. The C-cluster model is then optimised using E-M, alternating
between updating the sequences Sc for each cluster and the fractions fc. This
procedure is repeated for 25 different start points (random cluster assignments) to
find the maximum likelihood solution (see Convergence).

The single-cluster E-M procedure shown in the green box in Supplementary
Figure 15 is used to find the optimal model parameters (the sequence S in which
the biomarkers reach each z-score) for a single-cluster. In the single-cluster E-M
procedure the sequence S is initialised randomly. This sequence is then optimised
using E-M by going through each z-score event E in turn and finding its optimal
position in the sequence relative to the other z-score events, i.e. by fixing the order
of the subsequence T= S/E and maximising the likelihood of the sequence by
changing the position of event e in the subsequence T. The sequence S is updated
until convergence. Again the single-cluster sequence S is optimised from 25
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xi ⇠ N (gc,i(t),�i)

Shown	here	for	one	
choice	of	c,i – no	
parameter	sharing	 across	
biomarkers	 or	subtypes

Explicitly incorporate 
variation due to sub-type 

and stage into a 
probabilistic model
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